A derivation of a multiple-porosity model for the flow of a single phase, slightly compressible fluid in a multiscale, naturally fractured reservoir is presented by means of recursive use of homagnetization theory. We obtain a model which generalizes the double-porosity model of to a flow system with an arbitrary finite number of scales.
Introduction
A model for single-phase flow in porous media that are hierarchically fissured in regular patterns was derived by a recursive asymptotic expansion technique in [16] and part of [24] . This work rigorously justifies that model. Through recursive homogenization, we extend the doubleporosity model in [5] , which has one fracture system and a matrix (rock) block system, to a triple-porosity model that has two levels of fracture systems and a matrix block system. See [9, 22] for an introduction to homogenization theory. Then, a multiple-porosity model with N levels of fracture systems and a matrix block system is derived, resulting in a general (N + 1)-scale model.
A dual-porosity concept was first introduced in [8, 25] using a specific transmissibility function (see [7] ) for the interaction of the matrixfracture flow. For petroleum-reservoir engineering problems, a new treatment of the coupling of the flow through the fracture system with that in the matrix system was introduced over the past two decades in [2, 3, 4, 5, 6, 13, 14, 17, 18, 19] . The models discussed in this work are based on these ideas. Our focus on the nested levels of fracture systems is appropriate for further studies on high-level nuclear waste transport in porous media. It is the long-time scales, due to the length of the halflives of some high-level nuclear elements, that allow for the possibility of nested levels of fracture systems in porous media (see [15, 20] ).
Since we are interested in the mathematical details of the problem here, we refer to the introductions of [16, 24] for further details on the applicability of the models.
This work deals with modeling a single-phase, constant-compressibility fluid flowing in a geometrically complicated structure given (initially) by a naturally fractured reservoir that has a hierarchy of fracture systems, with the first being defined by an interconnected system of planar fractures dividing the reservoir into a collection of disjoint blocks. A second system of fractures divides each of the previous blocks into a collection of equally sized smaller blocks, and so forth, until a last level is reached in which the disjoint blocks behave as a collection of disjoint unfractured matrix blocks. The geometric structure is idealized by the assumption that each fracture system is periodic. See Figure 1 .1 for a cross-sectional view of the idealized reservoir in the case of two levels of fracturing.
We begin by posing the flow equations on three different scales of the domain. This involves using three different porosity and permeability coefficients, one for each scale, since the fluid flows more readily through the fracture systems than it does through the matrix blocks. Via a parameter ε 1 , which represents the linear size of a matrix block and half of its surrounding fractures, we first homogenize the flow equations on the smallest level of fractures and the matrix blocks. This gives an overall fracture flow in each of the fractured blocks. The porous matrix blocks provide a source term to the surrounding system of smallscale fractures which, after homogenization, are treated as a continuous A. M. Spagnuolo and S. Wright 329 porous medium. Thus, a continuous medium approach takes place between the smallest level of fractures and the matrix blocks. This is a scaled mesoscopic description since the equations depend on the parameter ε 0 , which represents the linear size of the scaled fractured blocks. Following this averaging, we couple the equations for flow in the largest level of fractures with the fractured blocks, each of which is represented now by a double-porosity system. Averaging the flow in the first level of fractures then gives a macroscopic description of the flow in a threesheeted covering of the domain; this extends the concepts of the models of [13] . Thus, the first level of fractures is now smoothed out to cover the entire domain and the blocks interact with the first level of fractures as sources, while the behavior of the flow on a first-level block is that of a double-porosity system. Overall, the system can be characterized as a triple-porosity model.
The (N + 1)-scale analysis discussed in this paper can be used as a tool for analyzing problems with multiple scales of periodicity (i.e., homogeneous, hierarchically organized media). But in the presence of heterogeneities, [11] addresses two-scale convergence in the mean and includes applications to randomly fractured media [21] . However, such an approach does not apply immediately to heterogeneities with multiple scales of correlation, which is the case for many natural porous media. The extension of the (N + 1)-scale approach introduced here is hence an alternative that may improve our understanding of the flow phenomena in some natural porous media.
We first present the triple-porosity model in order to illustrate, in a simpler and more readily understandable situation, the general techniques that are necessary for the (N + 1)-scale model. However, intermediate source terms that are not present in the triple-porosity model appear in the (N + 1)-scale model and they require additional arguments.
The organization of the paper is as follows. In Section 2, the assumptions, notation, and description of the triple-porosity reservoir are given. Also, two dilation and two location operators are defined. In Section 3, the microscale model, which involves both the intermediate and microscopic levels, is formulated using the parameters ε 1 and ε 0 described above. The coefficients are precisely defined on the appropriate parts of Ω. Next, in Section 4, the weak formulation of the microscale model is given, well-posedness is proven, a priori estimates are derived, and several technical lemmas regarding the dilation operators are presented. Then, the convergence results for the first homogenization (ε 1 → 0) lead to a well-posed mesoscopic system of equations in Section 5. Then, in Section 6, a completely new well-posed problem is formulated in terms of the parameter ε 0 , using the resulting model in Section 5 with a new boundary condition that conserves mass flux. In Section 7, a general (N + 1)-scale problem with N levels of fractures and the matrix (porous) level is presented. Previous lemmas and theorems are generalized in this section, with the double-and triple-porosity models serving as base cases for the homogenization procedure. The final well-posed system of equations is presented for the finite scale. Finally, in Section 8, concluding remarks on generalizations of the model are made.
Notation, assumptions, and preliminary lemmas
We begin this section by defining the nested periodic structure of the domain Ω in the presence of N levels of fractures. First, for i = 0, . . . , N − 1, let Y i be a parallelepiped and let δ i ∈ (0, 1) be such that |Y 0 | δ 0 |Ω| and,
if to be a finite lattice containing the origin such that
where
Now, extend the lattice A if into an infinite lattice A i , containing the origin and define
3) and for i = 1, 2, . . . , N − 1, define
4)
where H = B or F (see Figure 2 .1).
Since we are assuming that there are N levels of fractures in Ω, we let ε 0 , . . . , ε N−1 be the parameters associated with the homogenization. In order to define dilation operators that incorporate each of these parameters, we proceed as follows.
5)
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i,ε i is the lattice translation vector such that
We also make heavy use of the definition of
in the same way, except that in this case,
For convenience, we recursively define the following location operators:
and, in general, for by defining φ
). All coefficients are uniformly positive and bounded, and K N is a bounded, symmetric, positive-definite tensor.
In order to carry out our recursive homogenization process, we require that the fracture and matrix geometry satisfy
Let J = (0, T) be the time interval of interest. Also, throughout this paper, we denote by n D the outward unit normal to the boundary of D, where D is the relevant domain.
We begin the study of our model at the microscopic level, which consists of equations describing Darcy flow on all parts of Ω, that is, we will pose the flow equations separately on the disjoint regions that compose the domain. For the homogenization process, the equations on the different parts of Ω will have to be scaled appropriately to conserve flow, just as was necessary in the derivation of the double-porosity model (see [13] ). Actually, it is convenient to scale the equations on Ω F . This will allow us to derive, recursively, a triple-porosity model through rigorous homogenization.
For convenience, assume that gravity is negligible. This assumption is only used to simplify the presentation. A note regarding the inclusion of gravity is made just after the derivation of the equations in terms of the density of the fluid. Assume that the fluid has viscosity µ and constant (small) compressibility c, so that the equation of state is given by dρ = cρ dp, (2.10) where ρ is the density of the fluid and p is its pressure. In a singleporosity model, if K is the permeability (which can be a tensor), then the volumetric flow rate v of the fluid is given by Darcy's law:
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If φ denotes the porosity of the medium, the conservation of mass requires that
where S is the external source. Rewriting this in terms of ρ, we obtain
We remark that if the gravity term −∇ · ((K/µc)(cgρ 2 )) is added to the left-hand side of the above equation, then everything that follows holds if we linearize the equation as in [5] by defining a reference density ρ ref and approximating the effects of gravity by
The verification of our homogenization procedure will make a crucial use of the following technical lemmas. In the interest of brevity, we omit their proofs.
), where r = B, F, or blank, and Ω
,
14) In what follows, e j denotes the jth standard basis vector in the appropriate Euclidean space.
the following equation holds:
(2.18)
The initial microscopic equations for a triple-porosity model
Denote by ρ ε 0 (x 0 , t) the density on Ω ε 0 F . Equations involving ρ ε 0 will be posed once the initial homogenization has been completed (i.e., after let-
and Ω ε 0 ε 1 B,B , respectively. The assumptions made above lead to the sets (3.1) and (3.2) of equations for the micromodel. The scaling rules are explained immediately after the equations. 
Lemma 4.2. There exists a constant C > 0, independent of ε 0 and ε 1 , such that
Proof. These are the standard parabolic energy estimates for the weak form (4.1) on Ω ε 0 B . To derive these estimates, start by taking ψ = θ ε 0 ε 1 and then ψ = θ ε 0 ε 1 t on a smooth dense subspace.
Homogenization as ε
We now begin to find the unique weak solution of the limit problem as ε 1 → 0. Throughout, we use C to denote a generic positive constant that is independent of ε 1 and which can be different at different occurrences.
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For fixed ε 0 > 0, it follows from the a priori estimates in Lemma 4.2 that
It follows from (5.1) and Lemma 2.1 that
2)
Hence, upon passing to a subsequence in ε 1 , as ε 1 → 0, the following limits take place weakly in the indicated spaces:
From (5.4) and the connectedness of Y 1F , σ ε 0 is independent of x 2 .
Lemma 5.1. The following relation holds:
Proof. We first note that for R = B, F, or blank,
since σ ε 0 , ϕ do not depend on x 2 . On the other hand,
, ϕ
where (5.10) and Lemma 2.3 were used. Now, let ε 1 → 0; by Lemma 2.2,
, and this, combined with (5.5), (5.12), and Lemma 2.4, yields
(5.14)
Since ϕ is arbitrary, (5.11) and (5.14) imply the lemma.
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We now derive an equation satisfied by
17)
where we used
Next, let ε 1 → 0 and use the weak limits to get 
B )) and integrate (4.1) over J to get 
(5.22)
We now investigate the convergence of T 4 . By Lemmas 2.1, 2.2, (5.8), and Lemma 2.4, we have 
We now relate ξ ε 0 to σ ε 0 . For j = 1, 2, 3, let ω j = ω j (x 2 ) be the Y 1 -periodic solution, modulo constants, to the Neumann problem
where ν is the outer unit normal to ∂Y 1B . Define ω
where E :
is a bounded extension operator [12] .
Now let 
(5.29)
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since ω j solves the above Neumann problem. Now,
σ /µc)ϕ in (5.30) and integrate in time to get 0 = ∇ω
We proceed to let ε 1 → 0 in each term of (5.31). We begin with term T 5 . Use ω ε 0 ε 1 j ϕ as a test function in (4.1) to obtain
It follows from (5.1), Lemma 5.2, and the boundedness of ∇ω
For term T 6 , we have
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by Lemma 2.1, (5.7), Lemmas 2.2, 2.4, and the definition of ω ij . But we observe from Lemma 5.1 that
For the term T 8 , we have by (5.5)
Hence, by (5.6), (5.31), (5.33), (5.36), and (5.37),
So, define σ is a bounded, symmetric, positive-definite tensor. Then we can write the equality in (5.38) as
that is,
Then we can rewrite (5.24) as
which is a weak form of the following partial differential equation:
(5.45)
We now determine the initial and boundary conditions for θ ε 0 and σ ε 0 . We begin with the following lemma, which can be established by means of Lemmas 2.1, 2.2, and 2.4.
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Lemma 5.3. The following is true:
Also, by (5.5) and weak continuity of the appropriate trace map,
A more convenient way of writing this is
To obtain the initial condition for θ ε 0 , let T 0 :
Hence
To obtain a boundary condition on ∂Y 1B , for θ ε 0 , let T :
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it follows that
that is, 
The fact that these problems determine θ ε 0 and σ ε 0 (and therefore r ε 0 ) uniquely is a special case of Theorem 7.2, which is proved in Section 7.
Our results so far are summarized in the following theorem.
Theorem 5.4. As ε 1 → 0, the following weak limits hold in the indicated spaces:
and if , and θ h(ε 0 ) . We pose the following problem based on the previous homogenization:
3)
Theorem 6.1. Problem (6.1), (6.2) , (6.3) , (6.4) , (6.5) , (6.6) , (6.7) , (6.8) , (6.9) , and (6.10) is well posed in
This is a specific case of Theorem 7.1 in the more general setting of Section 7. We prove it there, and we also deduce from it the following important estimates. There exists C > 0 that is independent of ε 0 such that
14)
We now proceed to determine the limit of (ρ ε 0 , σ h(ε 0 ) , θ h(ε 0 ) ) as ε 0 → 0. By virtue of (6.13), (6.14), (6.15) , and (6.16), we can pass to a subsequence and deduce that as ε 0 → 0, we have the following weak limits in the indicated spaces:
y k e k + te α+2 dy α+1 · · ·dy 1 .
(7.2)
We have the following system of coupled initial-boundary value problems that are coupled with the above initial-boundary value problem. We state each of them in terms of j, where j = i + 1, . . . , N, as follows. For every x 0 ∈ Ω, there exists a block Y 0B , and for every x 1 ∈ Y 0B , there exists a block Y 2B , and so forth, and for every x j ∈ Y (j−1)B , the following initial-boundary value problem is satisfied: ≤ C ρ init H 1 (Ω) . ;
(7.10)
In order to identify the intermediate source terms which do not appear in the triple-porosity model, the following lemma is essential. × ϕ x 0 , . . . , x j , t dx j · · ·dx 0 dt. (7.11) 
